In this paper, we consider the fractional Ginzburg-Landau equations near the Bardeen-Cooper-Schrieffer-Bose-Einstein-condensate (BCS-BEC) crossover of atomic Fermi gases. This fractional Ginzburg-Landau equations can be viewed as a generalization of the integral differential equations proposed by Machida and Koyama (Phys. Rev. A 74:033603, 2006). By using the Galerkin method and a priori estimates, together with the properties of Sobolev spaces, we first establish the existence and uniqueness of weak solutions to these equations and then we prove the existence of global attractors.
Introduction
In this paper, we consider the fractional Ginzburg-Landau equations for atomic Fermi gases near the BCS-BEC crossover as follows:
u(x + πe i , t) = u(x, t),
where u(x, t) is the fermion-pair field and ϕ(x, t) is the condensed boson field, μ is the chemical potential, ν is the threshold energy of the Feshbach resonance, g is the coupling constant describes the process arising from the Feshbach resonance, in which a boson is created from two fermionic atoms and vice versa. d is generally complex, in the BCS limit d can be considered to be pure imaginary, while in the BEC region, the imaginary part of d vanished. U > , a, b, c, β are real coefficients, the square root of the Laplacian, = (-)
The BCS-BEC crossover phenomenon has been experimentally realized by using ultracold gases of  Li and  K atoms and it has opened a new era for the study of some The rest of this paper is organized as follows. In the next section, we give some notations.
In Section , we give a priori estimates. In Section , we prove the global existence of weak solutions to ()-(). Finally, the existence of global attractors is obtained.
Notations
Denote by L p ( ) the usual Sobolev space of the pth-power integrable functions normed by
When no confusion arises, we set
If u is a periodic function, then it can be identified with the Fourier series
Moreover, α u can be defined by
Define
and H α denotes a complete space of E with the induced norm
Then H α is a Banach space. It is easy to show that H α is a Hilbert space with the inner
We denote positive constants by C; they may change from one line to the next line.
A priori estimates
where the constant C depending on the initial data and T.
Proof From ()-(), we have
Multiplying () by (u + gϕ), integrating over , and taking the real part, we have
Multiplying () by ϕ, integrating over , and taking the imaginary part, we have
Combining the above two equations, we obtain
where
By Gronwall's inequality, we have
From (), we can also deduce that
Thus we complete the proof.
Proof It follows from Lemma  that
By Hölder's inequality, we have
Applying the Sobolev embedding
we have
Thus the proof of Lemma  is completed.
Lemma  Under the conditions as in Lemma
continuous function with respect to t.
Therefore, the continuity of I φ (t) follows.
Next we use a density argument to extend the result for
By the triangle inequality and Hölder's inequality, we
Since I φ is continuous in t and is arbitrary, the continuity of
Global existence of weak solutions
In this section, we will show the global existence of the weak solutions. We first give the definition of weak solutions.
with initial conditions
Next, we recall the following lemmas which will be used later. 
Lemma 
where T is finite and  < p  , p  < ∞. Then W equipped with the norm
is a Banach space and the embedding W → L p  (, T; B) is compact.

Lemma  Assume that D is a bounded domain in
R n x × R t , functions f l , f ∈ L q (D) ( < q < ∞) and f l L q (D) ≤ C, f l → f in D a.e.
Then f l → f weakly in L q (D).
Lemma  X is a Banach space, suppose that g
∈ L p (, T; X), ∂g ∂t ∈ L p (, T; X) ( ≤ p ≤ ∞).
Then g ∈ C([, T]; X) (after possibly being redefined on a set of measure zero).
Now, we state our main result as follows.
Theorem  Let
  < α ≤ , u  ∈ L  ( ), ϕ  ∈ L  ( ), f (x) ∈ L  ( ), h(x) ∈ L  ( ), U > , c > , m i d r + m r d i > , b > , m i > , d i > ,
and β > , then there exists a unique weak solution
where we say that u
C([, T]) and (ϕ, φ  ) ∈ C([, T]) for any
Proof By Galerkin's method, we look for approximate solutions (u N (x, t), ϕ N (x, t)) for equations ()-() in the form
where ω j (x) = e ij·x and α jN (t), β jN (t) satisfy the following system of ordinary differential equations:
The local existence theory for nonlinear ordinary differential equations ensures that the initial value problem ()-() has at least one solution on [, t m ]. By a priori estimates, we know that there exists a global solution for the initial value problem of the nonlinear ordinary differential system ()-() on [, T].
Similar to the proof of Lemma  and Lemma , we have
Applying the compactness lemma (Lemma ), there exist two subsequences, still denoted by {u N + gϕ N }, {ϕ N }, such that
, we can deduce that
From Lemma , we have 
([, T]).
Letting N → ∞, we immediately obtain
Therefore, we have for any
Next we show the initial conditions hold.
, and Lemma , we have
But from (), we have
Assume that (u, ϕ) and (u , ϕ ) are the two different solutions of ()-().
Multiplying ()-() by (w + gv) and v, respectively, then integrating over and taking the real part, we have
Combining the above two equations yields
where we have used the Gagliardo-Nirenberg inequality, the Young inequality, and the elementary inequality
Note that w(x, ) =  and v(x, ) = . By Gronwall's inequality, we have
Global attractors
Finally, we consider the large time behavior of the solution to (
Before doing so, we give the following lemma which will be used later. 
Proof It is easy to show that the solution (u, ϕ)
First, we consider the absorbing set in L  × L  . Similarly to the proof of Lemma , we
Since
Thus we can choose  small enough such that
Applying Gronwall's inequality yields
by B  the ball B(, ρ), for any bounded set B, there exists a positive
Next we consider the absorbing set in
Integrating () from t to t + , and using the definition of R  , we have
So for all t ≥ t  , we see that
are uniformly bounded. Multiplying () by α (u + gϕ), then integrating over and taking the real part, we have
we can choose δ small enough such that
Multiplying () by α ϕ, integrating over , and taking the imaginary part, we have
Combining () and () yields
where Thus the assertion of item (iii) has been proved. Notice that items (i) and (ii) can be verified similar to the proof of Lemmas - and item (iv) is a direct corollary of items (i)-(iii). Thus the proof is completed.
